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ABSTRACT: We introduce an algorithm for the reduction of a computer generated atomistic polymer sample to

an entanglement network of primitive paths. These networks are structural representations of the topology underlying
a polymer melt. By examining network ensembles of polyethylenecaatl, 4-polybutadiene melts, we provide
topological measures and statistical properties of primitive paths. We present the radial distribution function of
entanglements and the distribution of the number of monomers between entanglements. A renewal point process
that generates entanglement events along the monomer sequence of a chain is found to describe the statistics of
detected topological constraints. We discuss chain thickness effects on topological measures and provide a method
for detecting persistent chain contacts in melt configurations. A suitable scaling of acquired data leads to a unifying
microscopic topological description of the melts studied.

1. Introduction have been studied analytically or in simulations, mainly in
. connection with the statistics of random walks in a regular array
Polymer chains cannot cross each other. A successful

. o of obstacleg:#3%+33
conceptual framework embodying this principle at the molecular ) o
level is offered by the tube mod&R The tube model postulates Recently, Everaers et alintroduced a method of primitive
that the mutual uncrossability of polymer chains generates Path analysis (PPA) based on Edwards’s definition of a PP. PPA
topological constraints (TCs), referred to as entanglements,app“es aS|ml_JItaneous contour reductlon_ schemfe to all ch_alns
which effectively restrict individual chain conformations in a ©Of @ computational sample, such that chain crossing is avoided
curvilinear tubelike region enclosing each chain. Lateral chain @d chain topology is conserved. The array of obstacles
motion is confined to the length scale of the tube diameter. €ncountered by the shortest path of a chain is then microscopi-
Large-scale motion is promoted via reptaticem effective one- caIIy_ de_termlned _from the shortest paths of other ch_alns.
dimensional diffusion of a chain along its tube axis. The latter APPlication of this method to FENE-type coarse-grained
provides a chain’s coarse-grained representation that characterPolymer chains has reproduced qualitatively and quantitafively
izes chain topology and is called the primitive path (PP). the' packing Iengt’ﬁ“? scaling of the entanglement mqlecular
Edward8 regarded the PP as the shortest path constructed byWeightMe. An analysis of a coarse-grained model of bisphenol
keeping chain ends fixed while continuously tightening (shrink- A Polycarbonatéled to a very small value d¥l. in agreement
ing) chain contour so that the resulting path has the same With experimental estimates gnd a direct determination of the
topology relative to other chains as the chain itdélpplying plateau modulus from simulations. PPA has also beerft:$ed
this construction simultaneously for all chaiiseads to a  for investigating the entropic potential governing PP length
coarse-grained picture of a polymer melt that uncovers its large- distribution, as well as for determinirge of glassy configura-
scale topological superstructure. The latter is concéiVed a  tions” under equilibrium and macroscopic deformation.
network of entangled PPs underlying the melt structure. The In general, the static approach of microscopically determining
tube diameted is assumed uniforfnand corresponds to the PPs offers a promising basis for research on the general picture
mesh length of this network. Mesoscopic simulation models of entanglements invoked by the tube model. However, except
based on the above picture have been employed in rheoldgical, for the work of Krgger® and a lattice-basé®l topological
interface’ and glassy deformatidrstudies of polymers. analysis, this idea has not been explored in a way that allows

Entanglements dominate rheological and dynamical propertiesViewing TCs as discrete localiz&€d objects in  off-lattice

of large-molecular weight polymer mehg;132223as well as geometries. In this work, we present a new methodology for
ultimate mechanical properties in the glassy state of thesereducing chains to shortest paths, such that TCs acquire a
system&-11 Their topological nature makes their direct experi- discrete Iocal|z§d nature by becoming the nodes of an entangle-
mental study difficult and their microscopic definition elu- Ment network® We apply this methodology to united-atom
sivel225A large number of phenomenologitshnd scaling42L models of long-chain polyolefin and polydiene melts, which
models, analytical?224 experimentd®2225 and simula- have been thoroughly equilibrated at all length scales using
tion26-30.58600rks have been devoted to the study of universal Powerful connectivity-altering Monte Carlo algorithms, and
aspects of entanglement effects on melt dynamics and rheology &€ known to capture very well structural, thermodynamical and

Other works have taken a static point of view where PP statistics dynamical properties of the real systeffid* ¢ Preliminary
accounts of our meth883” have appeared.
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logical model$® (transient network theory), and analytical (shrink) continuously their contour lengths keeping their ends
theoried (slip-link models) in polymer physics. These views fixed, until the reduction process is blocked by topological
are guided by the rubberlike response of melts in viscoelastic constraints which organize into a network of quantifiable
experiments (rubbery plateau in the relaxation modulus), and topology.” The network is defined by a set of rectilinear
the random walk (RW) statistics underlying the structure of segments (entanglement strands) coming together at nodal points
flexible polymers. RW-like chain configurations, above some (entanglements). Four strands belonging to two chains emanate
length scale, show a self-similarity, to which universalities and from each entanglement point. Chain topology is specified by
scaling laws detectable in physical properties can be attributed.network connectivity. Network nodes can be reverse mapped
When small length scale characteristics are ignored, the generato chain units (monomers) so that a correspondence between
problem of entanglement in polymers involves a system of network and melt structure can be established.
interpenetrating RWs with a variable contour length defsity For each polymer of interest, we examine an ensemble of
imposed by chain thickness. The latter is specified by polymer giatistically independent atomistic samples. The ensembles have
chemistry. The polymer melts we study here consist of well peen thermodynamically and topologically equilibrated at all
packed RW-like chain conformations with a thickness corre- |ength scales by previous Monte Carlo simulatféré employ-
sponding to the chemistry of polyethelene (PE) aii1,4- ing chain-connectivity altering moves. Through CReTA, ato-
polybutadiene (PB). Small length-scale characteristics have mistic configurations are reduced to networks, which are then
explicitly been taken into account in a manner that reproduces gpalyzed to extract topological properties.

faithfully structural,"dynamical, and thermodynamic. prop- Connectivity altering moveés have proved very efficient in

ertieg?44-46 of these materials. S .
i equilibrating long-chain polymer melts at all length scales.
By analyzing the structure of PE and PB entanglement Employed initially*44547 in Monte Carlo (MC) simulations,

networks, we present microscopically determined distributions recently they have also been utiliZéin molecular dynamics
which describe statistically the topological state of flexible (MD) hybrid schemes, with considerable success in reducing
polymer melts. A suitable scaling of these distributions unveils the simulation time reduired for equilibration. By operating on
a unifying topological description of polymer systems examined. ¢ (gnological state space of conformations, such moves afford
We utilize a new algorithm, referred to as CRETA (contour «qnqogical relaxation” in MC simulations. Therefore, another
reduction topological analysis), which is capable of reducing advantage from their application to MC or MD is the potential
the atomistic configuration of a computational polymer sample supply of a multitude of topologically distinct computational
fo a network Of. correspond@ng_FfPs. Netwc_)rk node_s CorreSpondsamples for a polymer system under study. Such an ensemble
to TCs experienced by individual chains, while network oo, greqtly facilitate stafistical approaches to the topology of
connectivity defines the underlying melt topology. Topological olymer melts, where large topological-type fluctuations of the
measures extracted_from networks O.f entangle_d PE and PB melis etwork formed by the diverse tortuous conformations adopted
are compared against corresponding experimental estimates y chains are possible. Additionally, as Hoy et al. have shiwn,
Quantitative agreemen.t establishes the§e networks as mganingf pological measures depend strongly on equilibration of chain
stru.c.tural representations of underlylng melt. tOpO|OgI€s: N structure at all length scales, so that proper equilibration is an
addition, we provide a stochastic interpretation of acquired ggeential prerequisite in topological investigations. Computer-
topolqg|cal data in terms of a point process which is able 0 yiqeq topological studies following the spirit of Edwards’s
describe the generation of TCs along a chain due to entangle-yafinition of PPs were proposed earfidsy Rubinstein and
ment with other chains. The reported statistical properties of |qjtand. However, it was only recently that a first attack to the

entan_glem?nt networks cc_)nst||tu_te a méjssllng f"nkl for thiﬁclon- problen? was presented, partly because of inherent difficulties
struction of mesoscopic simulation models of polymer melts ., o computer simulation of long-chain polymer méfs?

and glass€9 suitable for the prediction of rheological and large- . o )
deformation mechanical properties: One can use PP statistics CReTA Implements random aligning string moves and hard
in reverse-engineering fashion to construct entanglement net-COre interactions. CHmonomers are treated as united-atom hard

works obeying the mentioned distributions, for any flexible SPheres (beads) of diameterChains are represented as series
polymer. of fused spheres, since in the atomistic polymer models

. . . . considered here the skeletal bond distaneg.b A) is smaller
The paper is organized as follows: In section 2 we present

L thano (~4 A). Periodic boundary conditions apply in all cubic
our general methodology. Wefollpwasfyat[stlcal approach, and sample directions. A string is defined as a setnof> 1
we make an attempt to reveal “universal” signatures of polymer

melt topology. Section 3 presents topological measures andconsecutive chain atoms. In each move, a string is randomly
several distributions describing PE, PB networks. We provide chosen and the string atoms are displaced to corresponding

a renewal point process model for the generation of TCs along equigiistant_ points on thg straight I?ne segment j.oining the atoms
a chain and we discuss a simple interpretation. A dilute gas of on either side of the string (see Flgurell). Cha!n ends are fixed
entanglements is revealed by network radial di'stribution func- throughout the process. To a_v0|d chain crossing and preserve
tions. We also investigate thickness effects and show a way tosystem ¢ opology, moves leading to overlaps t_)etween any string
discriminate persistent TCs in melt configurations. In section atom with any other atom _belonglng oa d|_fferent chain are
4, we provide a comparison of CReTA with recént similar rejected. String moves leading to any bead displacement Igrger

’ . . Lo T thano are also rejected. Intrachain bead overlaps are permitted.
approaches and discuss differences and similarities in the

framework of microscopically determined PPs. Section 5 These are sufficient conditions for preventing crossing when
. pically ) chains consist of fused hard spheresis randomly chosen
summarizes our conclusions.

between 1+ (i —1)Aj andiAj, with i initially set to 1 andAj
2. Methodology—The CReTA Algorithm set to a small va!ue. Accepted moves resullt in simultaneous
reduction of chain contours and progressive shrinkage of
Following Edwards’s perspective and previous wbpk? unentangled loops to straight strands composed of fused spheres
CReTA provides a solution to the following geometric prob- (see Figure 1). Rejected moves stem from either mutually
lem: “Given a set of uncrossable curved lines in space, reduceblocked chain parts, which will lead to entanglements, or fr8E51V
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consisting of straight segments connected by the reduced U

(a) (b) loops. Further random aligning moves will eat up line curvature
at places where the straight segments are connected obliquely,

—_—) and so on, until the line becomes a perfectly straight one. Thus,

our algorithm coarse-grains the line at progressively increasing

length scales. At first it straightens small length-scale charac-

teristics (the U-shape loops), and then it proceeds to larger
length-scale characteristics (length scales involving successive
straight strands with a kink between). In a real melt, however,
(d) (C) the bodies of other chains block this coarse-graining at some
places in space. To accelerate curvature reduction (which results
«— in contour reduction), and thus to coarse grain contours at
progressively larger length scales, string sizes have to conform
to longer line segments during runtime. Thus, we increase string
CCCCCIII:CCD sizes when a prespecified condition is met (see below). Other
conditions entering algorithmic implementation are related with
the gradual decrease of chain thickness, which leads to a
(e) vanishing excluded volume for the whole system, and the
addition of auxiliary atoms wheun is reduced.

To deal with the above conditions, we use a set of monitoring
variables which store: (i) the contour length decrement of each

Fi 1. Alioning stri fvariable si loved in CReTA chain; (ii) the largest separation of successive beads among all
igure 1. Igning string moves of variable size employea in e . H ; f f H
The unentangled chain segment shown in part a becomes a straigh{:hams' This set is monitored whenever 1.25 string moves per

segment by repeated string moves applied along its contour, as showf"onomer have been attempted on the average. Then, by
in parts a-d. In each figure, consecutive gray beads represent a checking against a set of prespecified conditions we decide about
randomly chosen string which becomes aligned in the next figure. In changes on parameters controlling program flow. Increase of
the united atom representation, a chain segment is composed .Oéstring sizes is activated when all contour decrement variables
to clarify the course of aligning string moves. In part e, a segment of F%ke values less thgn 10, This is |mp!emented by Increasing
another chain perpendicular to the figure (denoted by a black circle) 1 in the loop mentioned above. Wherreaches a maximum
constrains the part c to d transition, so that successive string movesprespecified value, chain thickness is reducediasdet to 1.

(not shown) result in the transition of part ¢ to part e. Note that, if the Auxiliary atoms are added to the system when the monitored
perpendicular black chain segment is displaced in the course of aligning .4 ast separation of successive beads becomes greater than the
operations (which are applied stochastically on all chains), the white . S .
segment shown in part e will also be displaced and conform to the current value obr. This choice is sufficient to ensure uncross-

new position of the black segment. ability, since, for hard-bead-type chains crossing is impos¥ible

p " . . when bond lengths are less thawl2.
contacts” between unentangled loops, which will eventually Auxil dded b Il pairs of .
disappear. To accelerate chain tightening, string sizes gradually Auxiliary atoms are added between all pairs of successive

increase through a heurisfic i + 1 conditioned loop. When beads. We do this in order to avoid continuous monitoring of
chain contours are no longer diminishing, chain thickness is all bead separations and keep calculations simple. On the other

reduced by setting — go, whereg < 1, and the process starts hand, the addition of auxiliary atoms results in considerable
anew. This aids in tightening meshed unentangled loops, Which,SySte,rn size |ncreba|13e durln% runt|mf§. In our work tlh's g'd not
although temporarily blocked, do not represent true TCs. Upon constitute a problem as the configurations analyzed were
decreasings, to preserve the fused sphere sequence of chainsrelatively small. A more efficient scheme for adding auxiliary

(which ensures uncrossability) we place an auxiliary atom atoms (e.g., locally, only between overstretched bonds) which

between successive skeletal atoms that have lost contactV0ids increase of system size is possible.

Auxiliary atoms are taken into account in the final analysis by ~ An efficient implementation of CReTA should deal with
renormalizing the number of chain beads to the initial one. When detections of potential bead overlaps of an attempted move, i.e.,
a small predefineds is reached, the whole procedure terminates hard core interactions which take care of excluded volume. We
(see also section 3.2). As shown in Figures 2 and 3 at this point, use a cubic cell list. A search for possible overlaps is restricted
an underlying network structure of interpenetrating “zigzag” into the cell containing a bead to be moved and the 26
shaped PPs has been revealed. Fudtreduction to attain the ~ surrounding cells. Since moves leading to bead displacements
infinitely thin-continuous line limit would be time-consuming larger thano are rejected, this scheme suffices if the cell edge
and superfluous. Throughout this work we have uged0.75 is larger tharw. Intrachain hardcore overlaps are allowed; thus,
andAj = 10. These parameters influence the rate of convergenceself-entanglements and knots cannot be detected. One can
to reduced networks and not the final res@shou]d be close introduce their detection in CRETA, if desirable, by fO"OV\ﬁhg
to unity. Sukumaran et al. However, as these authors have shown and
The employed random aligning moves “eat up” contour from our own experience with CReTA applications, occurrence
curvature (Chain Slack)’ while at the same time respecting the and influence of knots in final results for the SyStemS we studied
relative TCs through hard core interactions. For example, if we is negligible. Here, we note that, due to periodic boundary
think of a single line composed of straight segments (consisting conditions, chain segments belonging to different images of a
of successive beads) connected by some U-shaped loop$hain are treated as parts of different chains.
(consisting of beads as well) with the end beads held fixed, the A feature which greatly accelerates CReTA is the use of
action of CReTA will be more or less to first straighten the U variable string size moves in conjunction with integer labels
loops (aligning moves acting on straight strands leave them asplaced on all beads. Upon a successful string move, the labels
they are in 3D space) and thus transform the line to one of beads constituting the aligned string store the numbeélg{/



Macromolecules, Vol. 39, No. 13, 2006 Topological Analysis 4595

aligned beads to the right of each string bead. We continuously
update these labels during runtime. Attempted string moves that
try to align already aligned strings can thus easily be detected
and avoided. The convention used here is that a string move of
m beads tries to aligm beads to the right of a randomly chosen
bead.

Starting from an average bead diameter taken from the
equilibrated atomistic system, chain thickness is gradually
reduced frono to of toward the final network state. One can
start CReTA with chain thickness as thick as the desired final
ot dictates®® With this choice, the simulation time will decrease
considerably. However, we have chosen to reduce excluded
volume gradually toward zero as a more faithful approach of
attaining the vanishing thickness limit. These are the general
characteristics of a CReTA implementation. Other details and
tweaks will be described elsewhere. An enlightening visual
perception of CReTA is provided by the videos added as
supplemental information to this paper.

3. Results

3.1. Topological Measures.As shown in Figure 3, the
resulting PPs consist of short pairwise blocked chain sections
connected by straight strands of fused spheres (beads). By
examining blocked regions and PP proximity we resolve PP
“contacts” to pairs of neighboring beads. These specify pairwise
associated TCs (beads) in the monomer sequence of their parent
chains (see Figure 4). In addition, they represent effective spatial
localization points of the TCs each chain is subjected to. By
convention, throughout this work we interchangeably refer to
these points as entanglements or TCs, in the sense that
entanglements result from TCs. For the reduced chain confor-
mations in the network we use the term PPs, in accordance with
the Doi—-Edwards definitiod of the PP and with previo&8*43
work. Each PP is characterized by its ends and a set of
entanglement points with specific spatial locations, monomer
sequence indices, and pairwise associations to entanglement|
points on other chains. The whole structure can be reduced to
a network, with nodal points (vertices) the entanglements, and
edges the joining entanglement strands (ESs). Network con-
nectivity specifies who is entangled with whom and in what
sequence, and nodal positions specify where TCs apply.
Topological analysis reduces then to an examination of network
properties. The spacing between entanglements (network mesh)
on the PP contour is measured both in number of monomers
and in length units by calculatinyes and des, the ensemble Figure 2. (a) Representative atomistic PE sample and (b) the
average of the number of monomers and end-to-end length, corresponding reduced network.
respectively, of an ES. Experimentally, entanglement spacing

is mainly inferred either from the ES monomer lendt of an assumed uniform PP network of interpenetrating random
measured from the plateau regitheof the dynamic shear | 5iks.

modulus, or from the tube diamet@measured as an intermedi- Table 1 summarizes our results fds, N, des, d, the packing

ate dynamic length in neutron spin echo stutfiésof the lengthp, and the density of the atomistic samples, along with

dynamic structure factor. These are interpreted on the basis of;qyesponding experimental values. Results have been obtained
the tube model, where PP conformations are considered as RWgyiih 5 ; ~ 0.5 A. p, an effective chain thickne¥s!® that

and an ES is identified with the PP Kuhn segnmHiere, the o

o controls coil packing, is defined as aR?), wherepen is the
relevant quantiti¢sare the PP Kuhn lengti and the number .\ maher density of chains. It has been experimentaclly féftittd
of monomers in a PP Kuhn segmeéy, defined through

thatp is a quantity which controls the degree of entanglement
in polymer melts. Volumetric, structural, and conformational
d= 32 N.=N 32 1) predictions for both polymet$46 are in excellent agreement
L’ ° L2 with available experimental data. From the additiopalata
presented here, we conclude that the interplay between large-
whereN denotes the average number of monomers in a chainscale chain conformation and monomer packing is nicely
andR? andL are the PP squared end-to-end distance and contourcaptured by the atomistic ensembles. Turning to networks, PE
length, respectively. The latter are calculated here as ensemblesamples ofN = 500, 1000 display practically the same mesh
averages over all chains present. By this “Kuhn mapping” values, indicating that well entangled samples possess a
approach, entanglement spacing emerges as the mesh spacimguantitatively similar underlying topology, independentlyé)lsv
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for Nes. The discrepancy is rationalizéthrough the argument
that one should invoke the phantom, as opposed to the affine,
network model to estimaté&,, which for a tetrafunctional
network would estimate approximatélyalf anN, for the same
Go.

3.2. Chain Thickness Dependencés we describe in section
2, CReTA implements a contour reduction process which is
supported by a gradual decrease of chain thickoesp to a
very small predefined valuer. For a reduced network config-
uration of specified topology, as the one shown in Figure 2b, if
we further decreasey, then, at places where TCs apply, some
extra space is created between chains which were previously
in contact to each other. This extra chain “slack” is consumed
by the contour reduction process, which results in further chain
tightening. Hence, the PP contour length is smaller for smaller
ot. Since chain ends are kept fixed and tRdsemains constant,
the average PP contour lengthand, through eq 1N, d as
well are then controlled by the chosen A question that arises
then, is: what is the dependenceloN,, andd on g¢? In Figure
5, we plot these quantities as a functiorvpfor PE-1000, PB-
1000. Data were obtained by starting the contour reduction
process with a common chain thickn®s$ ¢ = 3.95 A for PE
and PB, which was gradually reduced toward zgré\ssuming
the observed linear dependerier) = (A — Boy) of Ne On o,
the following relations hold:

Ne(oy) = Nh(oy) , d(oy) = Ry/h(oy) , L(oy) = ¥

R
vh(oy)

In Figure 5, we plot the above expressions with common A, B
taken from linear fits td\e data. Comparison with experimental
data (see Table 1) becomes favorable with decreasing
particularly toward vanishing chain thickness. Extrapolating to
Figure 4. Schematic view of an entangled situation. White squares this limit we getN. = 80.1,d = 38.2 A, for PE-1000, anéile
correspond to monomers (beads) where topological constraints (TCS)= 190.6,d = 43.6 A, for PB-1000, in good agreement with

apply on chains. Gray circles correspond to monomers between : . .
successive TCs along a chain. The black line traces a succession OPUb"ShEd experimental data. Corresponding valuesfer 0.5

entanglement strands (ES) along the PP of a chain. TCs are pairwiseA: presented in Table 1, differ from vanishingvalues by~7%
associated by related beads (white circles A, B in the dashed square)for Ne and~4% for d. Throughout the paper, we have chosen

along the monomer sequence of their parent chains A, B. Black circles to present results witloss = 0.5 A, because, as explained in

denote monomer positions of an ES in the original atomistic config- gaction 2, vanishing thickness calculations are computationally
uration of the molten polymelNes and des are topological measures

of the spacing (network mesh) between successive TCs along a chain/M0re demanding and do not offer a much better agreement with
in number of monomers and length units, respectively. Throughout this €xperimental data, nor a different viewpoint on the problem.
work a monomer is defined as a ¢Hnited-atom hard sphere (bead) Nonetheless, within CReTA, quantitative predictions necessitate
of diametero. the use of a smalb.

3.3. Entanglement Spacing Distribution.In Figure 6 we
chain length. The small differences are attributable to the slightly present the normalized distributi@(n) of the reduced number
different packing lengthdNes, des, the network natural mesh  of monomerfNgsin an ESn = NegNes. We remind the reader
spacing quantities, are much smaller than the corresponding PRhat, throughout this work, the term monomer refers to a united
Kuhn segment quantitieBle, d, with Nes ~ 0.4N. for both atom (bead) and not to the chemical repeating unit. Actually,
materials. Our analysis suggests that this is due to directionalfor the specific chemistry of PE and PBles corresponds to
correlations between ESs along the same PP which decaythe number of skeletal carbon atoms between successive TCs
exponentially with ES separation. That is, PP conformations along a chain.
are not RWs at the length scale defined by the network mesh Data from both materials superimpose on each other, falling

size. At the Kuhn length scale, where PPs become RWg] on a master curve of the form
for both polymers are in good agreement with experimental
estimations of the chain length between entanglements, as _ _
g g P() = -2 (e~ &) 3)

extracted from plateau modulus measurements. If we considered
our systems as rubber networks of randomly coiled chains
undergoing affine deformation, however, the small valublgf with fitted valuesb = 1.30,c = 3.78. P(n) corresponds to
would imply a larger plateau moduluS, than that found  the molecular weight distribution of entanglement strands
experimentally. Interestingly, in recénBrownian dynamics between successive TCs along a chain. In view of the large
simulations of 3D PP networks, the linear viscoelastic responsedifference inNes and p, between PE and PB, the collapse of
of PB solutions is reproduced quantitatively only whenNan data suggests a universal charactelP@f) for linear polymers,

of about half the experimental value is utilized, as found here althoughb, ¢, may depend on chemical details. The mean 8%%

c—b
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Table 1. Topological Measures of Reduced Entanglement Networks

N Nes des (A) Ne d(A) p (A)
PE 500 28.3 0.07 14.0+ 0.04 75.1+ 1.10 (61.4) 38.4 0.54 (39.8) 1.53 (1.69)
PE 1000 29.1+ 0.07 14.1+ 0.03 74.2+ 1.05 (61.4) 36.6: 0.51 (39.8) 1.65 (1.69)
PB 1000 80.9+ 0.37 18.74 0.07 178.74+ 0.06 (173.8) 42.3-0.01 (43.0) 2.59 (2.44)

a Entanglement spacing in monom_&rgé,_Ne), and length des, d) units of PP networks, and packing lengtbf the initial atomistic samples (equilibrated
atT = 450 K (PE),T = 413 K (PB)).Ngs, des refer to the natural network mesNe, d refer to the PP Kuhn mapping approach. Numbers in parentheses
are experimental values from refs 18 and 19, unless otherwise indicated. The calculated polymer densities are 0.7560(07&56), 7669° and 0.867

(0.826) g/cm; the polydispersity indices are 1.053, 1.000, and 1.053; and the number of chains for each system studied are 16, 8, and 24 (top to bottom).

Reported errors are standard errors of the me&eference 12.

L&)
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Figure 5. (a) Ne, (b) d, and (c)L, as a function of chain thickness

for PE-1000, PB-1000. Lines denote egs 2, with common A, B, taken
from linear fits toN. data. Missing error bars have sizes less than or

equal to symbol sizes.
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Figure 6. Normalized distribution of the reduced monomer distance
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between entanglements for the polymers of Table 1.

polydispersity index oh are given by

with Pl = 1.62 for the fitted values db, c. The distribution is

131

2 2
= 1_—% JQ..j:_EZE
(c+ D)

(4)

broad with an exponential tail and in contrast with the tube
model implies a nonuniform network mesh and large fluctua-
tions in the number of monomers of an ES. An exponential
distribution with a prefactor following a power law has been
predicted+3¥33 by simulations and calculations concerned with
the number of Kuhn segments in an unentagled loop in lattice
geometries. The origin of such fluctuatidrand their effect on
rheological properties, in the context of a Gaussian chain
consisting of Kuhn segments, have recently been examined by
Grec@52and Schiebet®

3.4. Stochastic Model and Interpretation.We would like
to be able to describe our data on the entanglement strand
lengths in terms of a stochastic point proc&s#n such an
approach, one considers the chain as a series of similar units
(Kuhn segments, monomers, beads, etc.) and then draws a
random number from a distribution of entanglement spacings,
like P(n), and places an entanglement event on a unit displaced
forward by this spacing. The process is repeated until no more
entanglements can be placed. TCs apply to the chain on
entanglement sites, which are located on chain units where
entanglement events have been placed. The kind of the point
process, among other things, depends on the entanglement
spacing distribution chosen. Since through CReTA we can locate
monomer sites where TCs apply, a qualitative and quantitative
point process approach is viable.

The simplest point processes, which serves as a basis of
comparison with more complicated ones is the Poisson prétess.
In this process, the spacing between successive events is
identically and independently distributed according to an
exponential distribution. This is the case of maximum random-
ness, in the sense that instead of traveling along a chalh of
units and placing entanglements according to an exponential
distribution of mean spacindle, a realization of a Poisson
process along the chain can be constructed by draviNifge(
uniform random numbers from the interval [I], and then
placing entanglement events on the units with corresponding
indices. This would result in an exponential distribution for
entanglement spacing, which by construction corresponds to
completely uncorrelated entanglement positions along the chain.
Thus, if the contour length of the chain constitutes the “volume”
of this system, which is an open system since it exchanges
entanglements with other chains (the surroundings), entangle-
ments on this system can be described as a one-dimensional
ideal gas in the grand canonical ensemble. The corresponding
chemical potential fixes the average number of entanglement
eventsN/Ne, while the distribution of the number of events will
be a Poissonian. The chain is considered as a continuous line
of lengthN here.

An exponential spacing for “stress points” along a chain has
been assumed by des Cloizeaux in a seftied papers.
Schiebet considered the 1D-ideal gas problem described above,
for a Gaussian chain with a constant number of Kuhn segments
in contact with a “bath” of entanglements. By fixing the
corresponding chemical potential, he came up with an eé)&/
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Figure 7. Schematic description of our stochastic interpretation of TC 4 Ty
placement along the monomers (beads) of a chain, represented here 0.0
through a continuous line. Circles denote beads where TCs apply along °
the chain, i.e., entanglement events. Crosses correspond to blocking 0.4
events which protect previous beads (thick black segments) from 0.3

entanglement events. An alternating Poisson process generates the—
alternating sequence of blocking and entanglement events. A renewal £ 0.2

™

process generates the sequence of entanglement events (see text). a’

nential distribution for the number of Kuhn segments in an ES, 0.0
which corresponds to a Poisson process of entanglement events.
In our case, since chain units correspond to monomers, the
exponential tail ofP(n) is the result of a similar stochastic ~Figure 8. Normalized distributions®(n) of the reduced number of

; onomers constituting successive ES along a chain (see teixts
process evolving on the monomer sequence space (along théenqual to 2, 3, 6, and 10 in parts-d, respectively. Symbols correspond

beads) of a chain. However, in a Poisson process sUCCessiV§y gata for PE-1000, while lines denote analytical predictions.
events can come arbitrarily close (the exponential distribution

has a maximum at zero). On the other hand, it is meaningful to parameters, ¢, as doe®(n). In Figure 8, we plot with symbols
assume that, starting from an entanglement, the next entanglesq P\(n) distributions fori = {2, 3, 6, 10, as they were deduced

ment requires a certain number of successive monomers (Offrom a topological analysis of our PE-1000 network data. Solid
length) to develop. Therefore, relative toa ran(_:iom d|str|b_ut|on lines correspond to analytically predicted expressions for
of entanglements, an extra monomer distance is needed in frontpi(n) with parameters, ¢ taken from our previou®:(n) fit

of an entanglement before the next TC is observed. We (section 3.3) to PE, PB data. The invoked alternating Poisson
characterize this extra chemical distance as an effective repulsmqmroc(_}SS is able to follow the data. From the central limit theorem

between successive TCs in the monomer sequence space of gqj jncreased,(n) should asymptotically approach a Gaussian
chain. This kind of repulsion will become prominent close t0 jistribution. a feature that is evident in Figure 8.

and below the number of monomers in a Kuhn segment of the
atomistic chain. This is evidenced in Figure 6 by the downturn
and vanishing trend dP(n) data asn — 0.

A stochastic interpretation of our results can be given in terms
of a renewal process, which is the generalization of a Poisson
process. In such a process, event spacing is still identically,
independently distributed, though with a distribution that is not
exponential, cf. the normalize®(n) presented here. Moreover,
P(n) is the convolution of two exponential distributions, namely
be P andce . Thus, entanglement spacing in monomers can
be considered as a random variable, distributed according to
P(n), which is the sum of two other exponentially distributed
random variables. Accordingly, the underlying point process
can be interpretédas the result of two (uncorrelated) alternating

Through our analysis, we have detected that successive
entanglement spacings are not completely independent variables.
They show small correlations which decay rapidly for larger
strand separation along the chain. The analytically predicted
distributions ignore these correlations, which result in small
systematic deviations of the invoked process from the data. One
can try to improve the stochastic description by including this
kind of short-range correlatior$8.However, the simplicity of
the invoked process, the interpretation that can be given, and
the good agreement with the data led us to ignore them here.
Furthermore, analytic expressions ®(n) invoke a continuous
point process, while the monomer sequence space of a chain is
a discrete system. The presented analysis concerns only the inner
Poisson processes with ratesc, evolving on the monomer strands of the chains. End strands can also be described through

sequence space of a chain. The first process, withgalees P(n), albeit with slightly differentb, c.
not result in observabl&events, such as the entanglement events ~ Note that the coefficient of variation (COV) &n), defined
observed as TCs along a chain. This process stochasticallyas the ratio of the variance of the distribution over the squared
creates an unentangled monomer sequence in front of anmean, is 0.62, wittb, c taken from section 3.3. Thu®(n) is
entanglement, corresponding to the repulsion mentioned aboveless dispersed than an exponential distribution which has a COV
The related events act as “barriers” which protect previous equal to one. In the language of point processes, an event
monomers from entanglement events. The second process, wittspacing distribution with a COV less than Shéndicates a
rate b, takes over when an unentangled sequence has beerProcess which is qualitatively more regular (less clustered) than
created and places an entanglement event on one of thed Poisson process. The latter would result in a polydispersity
following monomers. The outcome of the two Poisson processesindex equal to 2.
is that entanglement spacing is distributed according(ty. 3.5. Distribution of the Number of Entanglements (TCs)
Figure 7 shows a sketch of this idea. Per Chain. Figure 9 presents the normalized distributR(@zs)
Evidence that such a stochastic process can describe theof the number of entanglements (TCs) per chis, for PE-
placement of TCs along a chain is provided in Figure 8. There, 1000 data. The mean and the standard deviatioP(Bfs) are
we plot the distributionsPi(n) of the reduced number of  Zgs= 33.7 andoz., = 5.15, respectively. The average number
monomers constitutingsuccessive ES along a chain, i of PP steps per chain at the length scale of the network mesh
2}=1 Nesj/Nes for PE-1000.P(n) in eq 3 corresponds to the is Zes+ 1. As we have seen in the previous section, a renewal
casei = 1. Since in a renewal process successive events areprocess generating entanglement events along a chain can
independently and identically distributed, these distributions can provide a stochastic model in good agreement with available
be calculated analytically from thiefold convolution of P(n) data. Then, a general prediction of rene®& theory, about
with itself (see the Appendix), which dependsmand the two the limiting distribution of Zes as N — oo, is that Zgs is CDV
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Figure 9. Normalized distributiorP(Zes) of the number of entangle-
ments (TCs)¥es per chain. Symbols correspond to PE-1000 data. The , -
solid line is a Gaussian with the same variance and mean of PE-1000 r=r/d

data. Figure 10. Total and partial RDFs of PE-1000 (solid) and PB-1000
(dot-dashed). Partial RDFs depict correlations between different pair
types of binary entanglements. Each case is sketched in Figure 11.
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asymptotically normally distributed with me&as and variance
OZEszv
_ _ ) . RDF-0 RDF-1 RDF-2
Zes— N/Ngg, 07,0~ One N/Ngg (5)

whereon.Z is the variance oNgs This is also true in the case
of a Poisson process of entanglement events, \izkers large.
The solid line in Figure 9 shows a normalized Gaussian with
meanZgs and variancerz.2 taken from PE-1000 data (not a
fit). It is clear thatP(Zgs) deviates from a Gaussian, although it spatial topological

has a similar shape. The source of this small difference is the neighbors neighbors

existing short-range correlations between successive eventrigure 11. Different types of pairs of binary entanglements. Spatial
spacings described in the previous section and the fact that theheighbors are entanglement pairs where all four chains passing through

o ; them are different (a). Topological neighbors are entanglement pairs
asymptotic limit corresponds to much longer chains than the 5 5, distancaNhic(h)are (F:)onn%cted b)? one (b) or two (%) comm%n

ones examined here. _ _ _ chains passing through them. In all three sketches, black(white) squares
From the form of the asymptotic mean and variance it follows denote spatial(topological) neighbors to the entanglement located at
thaf8.39 for the limiting distribution ofZgs the circle center. Note that in parts b and c, it is possible for
entanglements along the same chain to approach each other very closely
2 2 in space, even if the number of entanglement strands between them is
0zes  ONgs greater than one (depicted in case c).
~= (6)
Zes NG
ES

that are “topological neighbors” , i.e., connected by one or two

For a Poisson process, which is a renewal process with anc0mmon chains, respectively, passing through them. Apart from
exponential distribution of event spacing, the above relation SOme minor differences, the curves for PE, PB superimpose on
becomes exact with both terms being equal to @reelation each o'ther. Therefore, the_ spatial ne;work nodal correlations
6 connects the statistics of entanglement event spa¢iggand stemming from the underlying topologies of the PE, PB melts
number of eventZes, in the asymptotic limitN — o of a are similar when scaled accordingly.
renewal process. For PE-1000 data,2/Nes? = 0.62 while The total RDF implies that in the rangé > 0.8 network
02.21Zes = 0.79, an indication that we are still far from the structure can be described as an ideal diluté ghgntangle-
asymptotic limit. Considering the complexity of the problem, ments, with short-range correlations occurring at smatler
the renewal process model is able to describe the general picturéSpecifically, RDF-1,2 decay like™ with v taking values
of TCs derived from an analysis of our data very well. between 1.3 and 1.45. If we recalll that the pair distribution
3.6. Spatial Distribution of Topological Constraints.In this function for a single ideal chain decays liker, e expect that
section we examine spatial correlations between network nodalRDF-1,2 display am dependence which corresponds to single-
points. Nodal coordinates are assigned to the midpoints betweerfhain-type contributions to the total RDF. Here, by “chain” we
beads specifying pairwise associated TCs on their parent chaingnean a series of sticks and nodes which define a PP in the
(see Figure 4). This operation slightly distorts PP conformations, reduced network. However, as illustrated schematically in Figure
since what remains is a reduced network defined by a set of 11, RDF-1,2 capture contributions from two PPs, which, as
nodal points connected through straight segments of zero explained in section 3.1 are not ideal chains at the length scale
thickness. defined by the network mesh. Furthermore, in reduced network
In Figure 10, we present the total and partial radial distribution representation the PP system is polydisperse, with a distribution
functions (RDFs) of entanglements ¥s= r/dgs, the spatial ~ Of molecular weights given by eq 3 and a polydispersity index
distancer reduced by the average network mesh length. Partial given by eq 4. For these reasons, the valug departs from
RDFs correspond to correlations between different pair fzpes  unity.
of binary entanglements. As shown in Figure 11, RDF-0 curves  The fact that RDF-0 curves are below RDF-1 curvesrfor
correspond to entanglements which are “spatial neighbors” , < 0.7 indicates that, in the region around and near an
i.e., all four chains passing through them are different. RDF-1 entanglement, topological neighbors persist and spatial neighbors
and RDF-2 curves correspond to entanglements at any distanceannot easily penetrate. This is a kind of correlation-hefect. CDV
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22.3 A for PE-1000 and 29.4 A for PB-1000. A commen=

0.5 A has been used for the final thickness of PE-1000, PB-
1000 reduced networks. Curves in Figure 13 rise steeply from
zero at asmir/S value which is somewhat smaller for PB, and is
approximately equal tods for each polymer. Note that the
averageo for the atomistic PB sampléis 3.7 A, vs 3.95 A

for atomistic PE'> Peak values are different, due to this
difference in 27/s (the distributions are normalized). Results,
however, are superposable between the two polymers in the tail
region. s, is ~43% of 5, while the s, contribution tos is
negligible and vanishes in the limiting case of infinitely thin

Figure 12. Two-dimensional schematic view of a TC. (a) Beads which PPs. Peaks are locatedsat- 0.6%.

define a TC are shown as gray(white) circles in their corresponding  In general, as chain slack (stored length) is gradually removed
E“e'tf,(vre?(l)icf‘i ”et!g’hf:rk) pOZ'tt'O”_S-t_ B?lad d'amet?ﬁgﬁf)h'”_ the meLt‘ from the system, TCs around and to the left of the peak appear
network) state, witwy = o. Alomistcally representec chains are Shown - gi.st while TCs associated with the tail appear when a larger
as solid curves, and PPs as broken curves. (b) Total lengtithe ’ ; pp . 9
closed path formed by the four straight-line segmentghich connect amount of chain slack has been CO”SL_Jmed- There exist also TCs
melt and network bead positions. (c) Configuration of minimam  which form early in the contour reduction scheme, but are more
length, smin = 20 (see text). In generak vectors are not coplanar.  or less rigidly displaced toward their final network locations as
Note that chain contact between PPs (in reduced network conflguratlons)further chain slack is consumé&8TCs associated with asito

does not necessarily imply chain contact in corresponding atomistic the left of the peak in Figure 13' correspond to chain contacts

melt configurations. ; Y - )
in the molten state which (i) define a TC in the reduced network

wE - ] configurations, i.e., also constitute contacts between PPs, and
L — PE-1000 - (i) are not displaced over large distances in the course of the
121 = PB-1000 ] contour reduction process, i.e., are “locai’'the meltconfigura-
1.0 tions in comparison with TCs associated with a largerhese
|‘; sl TCs may define persistent contd€& 59 between chains which
~N ] influence dynamics a lot more than other TCs. “Local” TCs in
t 0.6 melt configurations result in chain contacts which are expected
A, 04 [ to show larger “lifetimes” on the average (and thus be persistent)
L in comparison with numerous other contacts between chains.
0.21 One can think that a “local” TC will act as a slip-link which
0.0 will create a persistent contact between two chains. As long as
h 1' ; ; 4 this slip-link is active, thermal fluctuations will “slide” it along
s/; the two chain backbones, so that, at different time instances,
) ) e the related chain contact may be associated with a different
Figure 13. Reduced normalized distribution ef monomer pair along the monomer sequences of the two

Spatial neighbors populate primarily the region beyohd- chains.

0.7 around a node, where RDF-0 curves overpass RDF-1 curves. | ne features seen in Figure 13 suggest that all TCs are not
RDF-2 curves correspond to pairs of chains intertwined through equivalent in the way they restrict chain conformations. For

two entanglements and decay rapidly withntertwining results example, in the time domain a chain could experﬁence TCS to
in closely spaced entanglements and is highly improbable atthe left of the peak much sooner than TCs associated with the

large distances. The combined action of partial correlations @l of the distribution. Furthermore, upon deformation some
results in an ideal gas environment around a network node at1C$ could be fully “activated” only in the nonlinear regime.
length scales larger than the average network meshdsize However, we note that only when all chain slack has been
3.7. Mapping TCs back to the Atomistic Level.The contour removed from the system, and thus all TCs have been revealed
reduction process displaces beads from their melt positions to@S PP contacts in the networks, does the average contour length
corresponding reduced network positions. Within CReTA, each L computed from PPs through eq 1 lead to quantitative estimates
bead has a specific position both in the molten and in the of N, d which are in good agreement with experimental data.
reduced network state. Since in our work TCs emerge as binary In this respect, the reduced networks under study reveal the
entanglements and are assigned to pairs of specific beads alonghaximum number of TCs restricting chain conformations
their parent entangled chains, we can inquire on bead positionalthrough direct PP contacts in reduced network configurations.
correlations between melt and reduced network states. As aWithin CReTA it would be possible to stop contour reduction
measure of these correlations, we introduce the total lesgth at a stage where the averafjeof reduced chains would be
of the closed path formed by joining the four straight-line larger tharlL in the final reduced network state; that is, to leave
segmentss connecting melt and network bead positions (see some chain slack in the system. In this case “Kuhn mapping”
Figure 12). The minimum possible value ®fsmin, equals 2, would give smaller values for botKe andd. Then, through eq
as shown schematically in Figure 12. This is the case when thel, L' could be adjusted so that Kuhn mapping would provide
beads defining a TC were in contact in the molten state; in the an Ne equal toNgs. In these reduced configurations PPs would
course of contour reduction process (which gradually reduceslook more like “floating curves” in space than like kinky lines.
bead diameter from to o), beads have remained in contact in  Some PP contacts, while present in reduced networks where
reduced network configurations through displacements along all chain slack has been removed, would be absent in configura-
the straight line joining their centers in the melt state. tions with remaining slack. However, topological interactions
Figure 13 presenf8(s/5), the reduced normalized distributions  associated with conformational space restrictions and related
of s divided by its mean valug, for PE-1000, PB-100Gs is with these PP contacts, would still exist even in their abse&i)e\./
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sl " ] minimization. In PPA contours are reduced to their final states
’ % o PE-1000 (PPs) by a combination of contour shrinkage and interchain
: PB-1000 | slipping motion (because of repulsive forces). The latter motion
is absent in CReTA, thanks to the adoption of a geometric

coarse-graining scheme that leaves out energetics. We have
applied our own version of PPA based on a direct numerical
minimization of energy, and not on the original molecular
dynamics schenté* (which is a kind of simulated annealing).
We have found that interchain slippage results in clustering of
TCs in the reduced states. Chains are subjected to tensions which
force TC sliding along chain contours up to the point that
tensions and repulsions are balanced. Depending on geometry,
some TCs close to chain ends are also lost due to TC slippage.
TC clustering and the large excluded volume results in a large
number of interchain contacts in places where TCs apply. Thus,

Figure 14. Reduced normalized distribution of tmermal distance resolving the topology in terms of individual TCs, and finally
rq of a bead’s melt position from the corresponding network straight reducing the configuration to a network with specified con-
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segment (PP strand) carrying this bead. nectivity and nodal points becomes practically intractable. In
) . PPA, reduced configurations are analyzed mainly by what we
Another quantity we have analyzed is the averagemal call “Kuhn mapping” approach, which was introduced as a

distance”j of a bead’s melt position from the corresponding e ans of extracting topological measures within PPA. Applica-

reduced network straight segment (ES) carrying this bead (se€jqng of PPA are described in the Introduction (section 1).

Figure 4). Figure 14 presents the normalized distribuB¢mr/ CReTA and PPA v diff ¢ kinds of e

fg) for PE-1000, PB-1000 melts. Superposition is perfect due elA an apply ditierent kinds or coarse graning.
Both work with a bead representation of chains. Their basic

to the very good statistics attained by the calculation (all beads ® L . o .
over all samples). In a sense, this distribution determines the differences, which influence PP conformations, are: (i) Avoid-
statistics of the radial profile of melt conformations around pp @nce of interchain slippage in CReTA, due to geometric coarse

strandsFy values are 7.1 A for PE-1000 and 10.0 A for PB- graining. (i) Chain thickness remains constant in PPA, while
1000, close taleg2 for both materials. The root-mean-square [t IS gradually reduced to a very small value in CReTA.
(rms) value of g is also roughly half the rms value dfs Thus, Quantitative estimations dfle, d from both approaches are in

chain conformations fluctuate around computed PP conforma- 2dreement with experimental estimate®e have also applied
tions on a length scale defined by the “natural” mesh of CRETAto equilibrated PET coarse-grained configurafiowith
generated networks, as it is measured throhg§ des. similar predictive success. Thus, the average legti PPs

in the reduced states should be comparable from the two
4. Comparison with Similar Approaches methods. This can happen if the amount of contour reduction
is comparable between CReTA and PPA, possibly because TC
slippage and chain tension, which are absent in CReTA, are
compensated by constant chain thickness within PPA. Reduced
chain conformations (PPs) will be different. Moreover, it has

CReTA has similarities and differences with other recently
developed methods aiming at the topological analysis of polymer
melts. All methods apply a contour reduction scheme simulta-

neously to all chains up to the level that TCs block further L R
contour reduction. Contour reduction is actually a coarse- been_ _ShOWH that within PPA th_e PP Iength dlstrlbutlo_n IS
sensitive to the chosen energetics. Thus, in general, different

graining scheme. The goal is to reveal a coarse-grained chain - : . : .
conformation which is topologically compatible with various coarse-graining schemes will lead to differences in PP statistics.

conformations that a chain can adopt in the environment of other  Kroger presente the Z algorithm, a shortest multiple
chains. The adopted coarse-graining scheme is responsible fodisconnected path solution to the problem of PPs. CReTA and
final reduced states, i.e., PP conformations, PP contour lengthZ implement a similar geometric scheme of coarse graining,
fluctuations, PP Kuhn length, density of TCs, distribution of although in a very different way. Both schemes apply shrinking
entanglement spacings, etc. All approaches ignore self-entanglesmoves similar to those proposed in previous works concerned
ments. Their contribution to final results has been considered with the identification of knots in polymer rinsand macro-
in ref 34 and has been found to be negligible. Below we attempt molecular chain$? In the field of Knot theory these moves can
a summary of general differences and similarities between be viewed as a kind of Reidemeister mofe&8oth CReTA
CReTA and alternative approaches, which would be of value and Z are capable of generating networks. The main differences
at the current stage of research. All approaches invoke a static-are as follows: (i) Z deals with infinitely thin line segments,
type coarse graining. The time domain is left out, although PPs excluded volume is not explicitly represented. Chain thickness
could also be defined through a temporal coarse graining. is imposed by adjusting the positions of network nodal points.
Temporal coarse graining may be included in the definition of In CReTA chains have an actual excluded volume, due to the
PPs too; reptation is connected with this picture, and there hasbead representation of chains employed. The infinitely thin chain
been researéhtoward this direction. limit is achieved by gradually reducing total excluded volume
Everaers et &:34introduced a primitive path analysis (PPA) and extrapolating to zero (see section 3.2). (i) When periodic
of entanglements where contour reduction is achieved throughboundary conditions (PBC) apply and the size of the simulation
minimization of an elastic energy. Topology conservation is cell is comparable to chain dimensions, Z cannot uniquely
ensured by treating chains as repulsive objects interactingidentify TCs between a chain and its periodic imatjef.In
through an interchain force field. Chain thickness is kept such cases, and in order to eliminate PBC effects, an artificially
constant throughout this scheme. A modified elastic energy enlarged supercell formed by repetition of the primary cell in
proportional to the chain contour has been used in ref 41 in all direction$* can be used. CReTA fully incorporates PBC by
order to switch from energy minimization to a form of length construction and is not influenced by such effects. We noteéf&t/
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a more recent version of Z, Z1, is free of this effect and does emerge in the interconnected form of an entanglement network.
not requiré* the use of a supercell. (i) TC counting in Z is  Network nodal coordinates correspond to effective localization
not always symmetrical. “Kinks” on one chain formed against points of TCs, and network connectivity defines “who is
a straight segment of another chain do not result in pairwise entangled with whom” and in what sequence. We have
associatet? TCs on the two chains. In CReTA all TCs are characterized polymer topology by analyzing the statistical
pairwise associated with other TCs (entanglements are binary).properties of network ensembles of equilibrated PE@sd 4

For this reason, Z will result in less TCs than CReTA for the PB atomistic specimens. Common organization properties of
same system. (iv) Z is expected to be computationally faster topological constraints have been revealed. We have shown
than CReTA, due to (i) and to the larger number of degrees of quantitatively that entanglement networks of chemically different
freedom that CReTA deals with. In Z, the degrees of freedom polymers can be structurally scaled so that the underlying melt
are reduced by the contour reduction process, while in CReTA topologies are statistically the same.

there is a one-to-one correspondence between beads in the By inspecting network radial distribution functions, a dilute
molten and reduced network states. When a supercell shouldgas of entanglements is revealed. The distribution of the number
be used, Z has also to deal with more degrees of freedom.  of skeletal carbon atoms between successive TCs along a chain

Any approach to the chain shrinking problem can only Is found to have an exponentially decaying tail. By invoking a
provide an approximaté3 solution to PPs. Topology is fixed ~renewal point process which generates TCs, we were able to
0n|y in the castof closed rings_ Moreover, assignment of TCs describe in a stochastic manner the generation of TCs when
to effective spatial positions and bead indices along chains shrinking a system of atomistic chains. On the basis of this
cannot be unique_ In our approach’ a melt Configuration is piCtUre the distribution of the number of TCs per chain becomes
reduced to a corresponding network configuration where TCs asymptotically Gaussian.
have specified effective localized positions and bead indices Topological measures of entanglement networks have been
along the chains. By altering the course of the contour reduction Presented for two different length scales. The mesh scale,
process, one can end up with displaced network nodal points,defined by the average mesh of generated networks, and the
both spatially and along the PPs (different bead indices), for “Kuhn scale” where PP conformations are mapped on random
the same melt configuration. To investigate this effect, we have Walks. We find that descriptions at the Kuhn scale and the mesh
categorized chains into subsets and then reduced the subsetgcale do not coincide. The Kuhn scale is in accordance with

sequentially in arbitrary order. The “worst case” scenario is to €xperimental estimates for the entanglement molecular weight
shrink chains one by one. “One by one” means that we initially and the tube diameter. This has also been observed in previous

emp|oy random a|igning moves 0n|y on the first chain, with WOka.5'34‘35HOWEV6r, the mesh scale is connected with a denSity
the other chains kept in their melt configurationss reduced ~ Of TCs which is larger than the one defined by the Kuhn scale.
down to its final predefined value, as described in section 2. In terms of PP conformations this implies that PPs show some
Then, when the contour length of the first chain can no longer Stiffness and are not random walks at the mesh scale of
be reduced further, we employ aligning moves on both the first €ntanglement networks. A chain thickness study of topological
and the second chains. Subsequently, when the contour lengthgheasures at the Kuhn scale has also been performed.

of the first and the second chain can no longer be reduced, we CReTA offers the ability to define quantities correlating
emp|oy a|igning moves on the first’ second’ and third Chains’ entanglement networks with Corresponding melt Configurations.
and so on, until all chains have been reduced to a PP network.Implementing this idea, we have seen that in general not all
The sequence of the chains may be chosen randomly. AlthoughT Cs are equivalent in the way they restrict chain conformations.
resulting PPs obtained through this procedure may differ from Examination of a simple geometrical measure shows that it is
the ones presented in this work, which were obtained by Possible to address the problem of detecting TCs which are
stochastic application of the algorithm everywhere in the related with persistent chain contaéts® in melt configurations.
simulation box, the statistics obtained at the end are practically This feature may prove useful in topological investigations of
the same. We have followed the approach that seems mostmolecular dynamics trajectories or in deformation simulations.

meaningful, which is to shrink all chains simultaneously. )
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cis-1,4-polybutadiene (PB). Small length scales as well as the
contour length density, volumetric, structural, conformational, Appendix: Distribution of the Number of Beads in n
and thermodynamic properties for these systémg are in Successive Entanglement Strands

excellent agreement with available experimental data. The probability distribution function (pdf) of the number of
Following previous work®>#3and the Edwards definition of  beadsx in an entanglement strand is

primitive paths (PPs), we have presented a new algorithm called

CReTA, and a general methodology for statistical analysis of P(X) = bc , —bx  _—ox

. ; . X)=—+(e e’

linear polymer melt topology. Our algorithm removes chain c—b

slack (or stored length) from a polymer system, by using

geometric operations which respect uncrossability constraints. The Laplace transforr®(s) of P(x) is

Thus, chain conformations are reduced to shortest paths specified

by the underlying melt topology. In the context of the tube G(9) —_ bc

model, shortest paths correspond to PPs. In our approach, PPs (b+9)(c+y9) cDV
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Since in a renewal process successive entanglement events are7) Terzis, A. F.; Theodorou, D. N.; Stroeks, Macromolecule2002

identically and independently distributed, the pdf of the number
of monomers inn successive entanglement stranBig(x), is

the n-fold convolution of P(x) with itself. It is easier to work
with the Laplace transforn®n(s) of Pn(X):

(b9)"

G.(9=[GON"="— . —
" (b+9"c+9)"

With the help of Laplace transform tables and a little algebra,

we can invertGy(s) to determineP,(x) for n = 2, 3, 6, 10.

Specifically, we obtain

bc)? _ _ _ _
P, =(b(+:)c)3 (@) + &) + 26> — &)
(bg)® —cx
Ps(X) = m ([(a(x) — 3)° + 3]e™ ™ -
[(a(x) + 3)* — 3]e ™)
— (bc)e —bx —CX
Ps(X) 1200 — O (fs((e " +e ™) +
g()(e ™ — e ™))
where
a(x) = (b—c)x
fo(X) = 1512@(x) + 420a°(X) + a(x)
ge(¥) = 30240+ 336Q°(x) + 30a’(x)
and
_ (bg* _(b+o)x r{@] B
Pl = Te1aaop —oB° 2 (f“’(x) o872
i(¥) sinh [?])

where

f,,(X) = 8821612808(x) + 302702408%(x) +
216216@°(x) + 396G (X) + a’(x)
0,0(X) = 17643225600+ 2075673608%(X) +
3027024@%x) + 11088@°(x) + 90a°%(x).

Supporting Information Available: Two videos showing the
contour reduction process when CReTA is applied to a single

unentangled chain (the .mpg file) and the reduction of a PE-1000
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